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“...The fluctuations involved are not fluctuations in 
concentrations or other macroscopic  parameters 
but fluctuations in the mechanisms 
leading to modifications of the kinetic equations...”

G. Nicolis and I. Prigogine

 

in: “Self-Organization in Nonequilibrium Systems: 
From Dissipative Structures to Order through Fluctuations”

discussing auto-catalytic reactions and  Manfred Eigen's “hypercycles”



  

d X = F(a; μ; X, t) dt

with   a = a0  with probability 1-p 
and   a = a1  with probability  p

Stochastic Hybrid systems with Markov switch



  

General Setting: Towards a Probabilistic Control Scheme



  

Stability in the Norm & Transition Matrix:

Hybrid Evolution Equation from an I.C. : 



  

Lyapunov Exponents direct calculation:

NOTE:  NO shadowing lemma holds for Hybrid Stochastic Systems in general
(only if is fully double hyperbolic):

PRIMARITY TEST:
For all prime products R, S of the generators: Φ0 = exp(A0)  Φ1=exp(A1)
Consider the quantity: 

Then the systems is 



  



  

In the case of binary (Markovian) switch the expectation value is simply:

Where   P0 = Prob(a =a0) = 1p       for the chaotic motion component

and       P1 = Prob(a = a1) = p         for the control target motion component

And the switching taking place at random but of constant duration time intervals  
             τ = t - tk

Inspired by the  “adjoint method” techniques for error control 
our choice  for the Lyapunov Function is: 

Q = (A0)
T A1 or Q = (A0)

T A0



  

Case Study 1: Probabilistic Control of the Fixed point at the origin 

( LOCAL & GLOBAL Control Strategies )



  

The eigenvalues q2,3 of Q, (q1 >24) 
Q is positive definite for all h

… by the way the primarity test fails

… but the direct calculation of Lyapunov
exponents still works (costly but OK)



  

P=0.49
h= -1
a = 0.38
b = 0.3
c = 4.82 
τ = 0.01 

LOCAL   control around the origin



  

P=0.49
h= -1
a = 0.38
b = 0.3
c = 4.82 
τ = 0.01 

GLOBAL control around the origin



  

S* also can be used to classify the dynamics of stochastic hybrid systems: 

● the hybrid stochastic analogue of a saddle-node fixed point:
{sign[ei]} = {+1,+1,1}

● complex conjugate pairs of ei's imply stochastic spiralling motion. 

● an extension of the known characterization of
chaos as reflected on hybrid stochastic systems ?

● calculating the dependence of S* = S^*(h,P) we have  a  controllability
condition



  

S* for the Hybrid Rössler System 
a = 0.38
b = 0.3
c = 4.82 
τ = 0.01 



  

Case Study 2: Probabilistic Control of an Unstable Periodic Orbit 



  



  

P= 0.88

ΔX/X < 1/100



  

Case Study 3: Excursion to PROPORTIONAL FEEDBACK 
                       Control of an Unstable Periodic Orbit 
                       (Hybrid version of the “Pyragas Method” )



  

P =1/3 
(critical value P > 1/3 => control) 
a=b=0.3
c = 5.75

Control gain
K0=0
K1=1



  

Case Study 4: Confining the motion around a Homoclinic Orbit 
                       (Hybrid LOCAL version of the “Pyragas Method” )



  

C* (local control area trigger)
Small cylinder at the origin 
r=h=0.1
P =1/3 
(critical value P > 1/3 => control) 
a=0.32, b=0.3, c = 4.82
Control gain
K0=0
K1=1

bursts



  

Case Study 4:

Hyper-Chaos  the Rössler-Thomas Class of Systems
and a surprising Stochastic Resonance-like aspect! 

Int. J. of Bifurcation and Chaos 23:09.(2013)

dXi /dt= b Xi + f(Xi+1) 

f(Xi) = a Xi  Xi
3 

i = 1,2,3 … n.    mod(n) 

 



  

Ubiquitous Presence of Feedback Circuits 
in Biology (at any scale) & the Role of Noise: 

Stochastic circuit switching genes
Stochastic circuit switching neurons
Stochastic circuit switching groups of neurons

Decision mechanisms 
in machines, animals (even bacteria!)
and symbiotic systems

Social animals 
recruiting, aggregation & collective motion
Ecology 
food web, species coexistence etc
 

● Delay of the onset of Bifurcations
● Stabilizing Effects  
● Coherence/Decoherence of Synchronization
● Stochastic resonance …

The territory of investigation is vast and fertile!!



  



  



  

Increasing the noise 
 … the signal (control state) is stronger!!

“Stochastic Resonance-like”



  

Stochastic Resonance
(from Scholarpedia Entry by G. & C. Nicolis

 U(x)=− xλ 2/2+x4/4 ( >0)λ

Extremely important for 
sensory information processing, 
decision making, 
pattern formation
and … stochastic switching???



Symbolic Dynamics Generated by
 a Combination of Graphs

● Vasileios BASIOS (ulb,cenoli) 
● Gian-Luigi FORTI (unimi,cenoli)   
● Gregoire NICOLIS (ulb,cenoli) 



Alphabet = a phase space partition into cells
Rules = the dynamics

A trace of the dynamics via information rich, time and spacial asymmetric (1D) symbol-sequences 









The topological entropy of a sequence X is the upper bound
“limit superior” over all possible Markov measures 

of the number of blocks (words) of length m (Gaspard 1998)

The analogue of the Ebeling-Nicolis formula for topological entropy

topological entropy's “growth rate” cardinality of the “alphabet”



A (directed, connected) graph:

It's adjancency matrix: 

the growth rate 
depends on this



No Go Theorem ( Classic) for a single graph

STRETCHED EXPONENTIAL GROWTH RATE IS IMPOSSIBLE

*(iii) has not been observed, it does not arise “as far as we know”



(only) a Combination of Graphs* 
can show stretched exponential growth rate

OUR RESOLUTION: A “GO” THEOREM!!

* a combination of graphs amounts to  a non-autonomous dynamical system



This a dynamical system embedding in the dynamics 
transition (super-selection) rules.

Known as a “triangular map” and the set of words of length n is counted as
the projection to its second variable:



s(t)



Q.E.D



Conclusions and Outlook

● We examined the case where strong fluctuations are 
affecting structural (topological) aspects of the dynamics

● Proposed a set of indexes and measures to quantify this

● Applied stochastic forcing to control various chaotic 
dynamical systems

● Discussed the implications in connection with biological 
circuits and “Stochastic Resonance”-like phenomena

● Highlighted the connection to Symbolic Dynamics on 
combination of graphs  
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